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Let H be a complex Hilbert space with inner product (0, w) and 
norm 1 w I. If the resolvent of a self adjoint operator A, (E > 0) 
converges strongly as E 4 0 to the resolvent of a self-adjoint operator B, 
and if A is an isolated eigenvalue of B of finite multiplicity m, then A, 
need not have an eigenvalue near h. In some cases, however, the 
spectrum of A, becomes “concentrated” near h as E is reduced. 
Precisely (cf. Riddell [I] or Conley and Rejto [2]), if J is an isolating 
interval for h, then the spectrum of A, in J is concentrated to order 
p > 0 if there are sets C, C J with Lebesgue measure o(#) as E J 0 
such that the spectral projection assigned to A, by C, converges 
strongly as E 4 0 to the eigenprojection, P, on the )c-eigenspace. 
According to [I], Theorem 2.7 (cf. also [2], Lemma 2.1) the spectrum 
of A, in J is concentrated to order p if and only if there exist m pairs 
the 9 u5.), & complex, urc in the domain of A,, j = l,..., m, such that 
for each j and K # j, ( z+ 1 = 1, I(AE - h,,) uiE I = o(G) as E 4 0, 
I(1 - P)z+ 1 + 0 as E 4 0, and (z+ , ukJ ---t 0 as E J 0. 
The concern of this note is to present criteria for concentration to 
order 0 <p < 1 in the event that the formal perturbation method is 
not applicable for construction of the pairs (& , z+) (the so-called 
“divergence difficulty,” Kato [3], $12). The lemma to be proven 
below includes Lemma 3.3 of [I]. 
So let b(v, w) be a Hermitian symmetric bilinear form defined on a 
linear manifold D(b) which is dense in H. Further assume that the 
corresponding quadratic form b(o) E b(o, EJ) is closed and has a 
positive lower bound which, without loss of generality, may be 
assumed to be not less than 1, 
Q.4 > (% 9, 0 E D(b). 
* This work was supported in part by N.S.F. Grant GP-8217. 
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Since b(o) is closed, D(b), with the inner product 
64 w), = b(w, f.4, 
is a Hilbert space, V, , with norm 1 z, I,-, .
Further let a(~, w) be a Hermitian symmetric bilinear form defined 
on a linear manifold D(a) which is dense in V,, (and therefore in H). 
The corresponding quadratic form U(V) = a(~, ZI) is assumed to be 
nonnegative, 
+J) 2 0, ZJ E D(a), 
and closed in V,, , 
To the form b(a, w) there corresponds a positive definite self 
adjoint operator B in H which is defined on 
D(B) = {V E V, : w -+ b(er, w) is continuous on V, in the topology of H}, 
bY 
(Bw, w) = b(w, w), w E D(B), Bv E H, w E V, . 
D(B), with the inner product (Bw, Bw), is a Hilbert space. Similarly 
for E > 0 there corresponds to the form ca(w, w) + b(w, w) a positive 
definite self adjoint operator A, in H with domain 
D(A,) = (w E D(u) : w --+ ~a(n, w) + b(o, w) is continuous on D(a) 
in the topology of H}, 
bY 
(A,w, w) = ru(w, w) + b(w, w), w E D(A,), A,v E H, w E D(a). 
The concentration lemma will be formulated via the introduction 
of another operator which is associated with this problem. Let CY 
be the nonnegative self adjoint operator in V,, defined on 
D(U) = {w ED(U) : w -+ a(v, w) is continuous on D(a) in the topology of V,), 
bY 
b(&, w) = a(~, w), v E D(Cn), 0% E V,, , w E D(u). 
Then D(a), with the inner product 
(w, 41 = bh w) + W% a~), 
is a Hilbert space, V, , with norm 1 w II . For E > 0, B-lA, C & + I 
(cf. Kato [4], Corollary 2.4, p. 323). 
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Since Gk’ is a nonnegative self adjoint operator in V,, , Q! has non- 
negative self adjoint fractional powers, GP, defined for r 3 0 by use 
of the spectral theorem. Moreover, for 7 > 0, D(m) = D(P) where 
S = (Q2 + I)lj2. Now (~1, zu)r = (SV, SW), for all V, w E VI and so 
for 0 < 7 < 1, D(GP), with the inner product 
(f4 W)T = (SW STW), , 
is a Hilbert space, V, , with corresponding norm ) z, 17. V, is called the 
7th interpolation space by quadratic interpolation between VI and V, 
(cf. Lions [S]). 
LEMMA. Let X be an isolated eigenvalue of B of multsplicity m < co 
with corresponding eigenprojection P, and let J be an isolating interval 
for X. (i) If 0 ,< T < 1 and PH C VT , then the spectrum of A, in J 
is concentrated to order T. If in addition D(B) C, V, (i.e., D(B) C V, 
with continuous injection) for$xed 0 > 0, then the spectrum of A, in J 
is concentrated to order T + CT if T + u < 1 and to order p for all 
p < 1 zf 7 + a > 1. (ii) If PH C VI , then the spectrum of A, in J is 
concentrated to order p for all p < 1. 
Proof. Let 7 E [0, l] and u E PH C V, . Then since Bu = AU and 
A,lB C (42 + I)-l, 
I(A,-A)A,1u12= ~[z-(Ea+z)-1]u~2<I[z-(dz+z)-1]UI~. (1) 
Letting E be the resolution of the identity for the self-adjoint operator 
Q!, the spectral theorem for functions of a self-adjoint operator gives, 
I[1 - (em + 4-7 24 1: = 1,” [1 - (v + I>-‘I” (w44 f4 40 
f 
co 
= $7 (qp’ 
0 
p27 (cp + 1)2-27 * (cp ; 1)2T v-w) u, u)o * 
(2) 
Since u E D(W) = V, if and only if JT p2’(E(dp) u, u)~ < co, it 
follows from the dominated convergence theorem that 
Now let {ur ,..., u,> be an orthonormal basis for PH and Use = 
1 A;$. 1-l A;$, j = l,..., m. Then application of Theorem 2.7, [I], 
to the pairs (A, uiJ, j = l,..., m, yields concentration to order 7 of the 
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spectrum of A, in J if T E [0, 1) and concentration to order p for all 
p < 1 if T = 1. So (ii) and the first part of (i) are proven. 
If now D(B) C, V,, then by Corollary 3.1, Greenlee [6], there exists 
a constant M > 0 such that 1 ZI / < M 1 S-av I,, for all z’ E V, . Thus 
in place of (1) and (2) one has for u E PH, 






0 (E/l + 1y-20 
* (El* ill) 2zo (CL2 + 1)-20 FwtL) f4 40 7 
and the remaining conclusion again follows from the dominated 
convergence theorem. 
Remarks. Observe that the rate of convergence estimates obtained 
in the lemma are actually obtained with (possibly) stronger norms 
than needed for the assertions on spectral concentration. As noted in 
Kato [7], $6, it is possible to replace the condition b(v) > 1 v I2 by 
b(v) 3 -8) ZI j2, S > 0. One considers b’(v) = b(a) + (6 + l)i o j2 
which amounts to a change of origin for all spectra. Similarly the 
condition a(v) 3 0 can be replaced by a(~) > -171 v (2 - &(a); 
7, &J > 0, by considering a’(v) = a(v) + ~1 v I2 + f%(v). 
EXAMPLE. (cf. Rellich [S] and Friedrichs and Rejto [9]). Let H 
be P(0, cc) with the usual inner product and let B be the integral 
operator given by 
w4 = 44 Srn GMY) dY = Wh 4 
0 
where k is continuous on [0, co), of norm 1, and k(x) # 0 for 
x E [0, 00) (recall the preceding remark). The self adjoint operator B 
has the eigenvalue 1 with eigenfunction k(x) and the eigenvalue zero 
with infinite multiplicity. 
Let the perturbing form be 
44 = ,; x ) w(x)12 ax 
defined for all z, EL~(O, co) such that x1/% EL~(O, co). Then A, is 
defined by 
A,w(x) = (B + ,x) w(x) 
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for all et E L2(0, a) such that XV EP(O, co). Furthermore, since the 
topology induced by the quadratic form associated with B + I is 
just the topology of H, D(a) = D(A,). For every c > 0, the spectrum 
of A, is [0, co) and is purely continuous. 
It now follows from the interpolation theorem of [.5], pp. 431-432, 
that for 0 < T < 1, V, consists of those functions v ~Ls(O,co) such 
that X~V EL~(O, co) and 
I v IT - (1; x27 I v(x)12 qp + I v I 
where “N” is read “is equivalent to”. Hence if 0 < T < 1 and 
I 
mX2+ I R(X)12dx < CQ, 
0 
then the spectrum of A, in J (an isolating interval for 1) is concentrated 
to order T, while if 
f 
mx2 1 k(X)12G!x < 00 
0 
the spectrum of A, in J is concentrated to order p for all p < 1. 
The 7 = l/2 case follows from Lemma 3.3, [I], while in the case 
7 = 1 it follows from Lemma 3.2, [I], or Theorem 3.1, [2], that the 
spectrum of A, in J is concentrated to order 1. 
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